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Introduction

I LDPC codes were invented by Robert G. Gallager in the 1960s and forgotten for
three decades.

I After Turbo codes were invented 1993, LDPC codes found new attention
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LDPC codes

I LDPC codes are defined with use of sparse parity-check matrix, i.e. the percentage
of 1’s in the parity check matrix for a LDPC code is low.

I A regular LDPC code has the property that:
I every code digit is contained in the same number of equations,
I each equation contains the same number of code symbols.

I An irregular LDPC code relaxes these conditions.
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Definition by parity-check matrix
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Irregular LDPC example, PCM with R = 1/4
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Tanner graph
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Gallager’s ensemble of LDPC codes

Ensemble E(N,K , J)

H =


π1(Hb)
π2(Hb)

...
πJ(Hb)


`b×bn0

where

Hb =


11 . . . 1 0 · · · 0

0 11 . . . 1 . . . 0
...

...
. . .

...
0 0 . . . 11 . . . 1


b×bK
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Lower bound on the minimum distance

Theorem (Gallager’62)

For any J > 2 there exists δ∗(K , J) > 0 such that:
I there are codes in the ensemble E(N,K , J) for which the following inequality holds

d(C) ≥ (δ∗ − ε)N (1)

I the number of such codes (G (N,K , J)) satisfy the following relation

lim
N→∞

G (N,K , J)

|E(N,K , J)|
= 1.

The value δ∗ is the smallest positive root of equation

(J − 1)h(δ) + J max
s>0

(
δ log δ − 1

K
g0(s,K )

)
= 0.
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Bit-flipping decoding algorithm

I If there exists a variable node, such that the number of unsatisfied check nodes is
bigger then the number of satisfied check nodes ⇒ flip the bit.

I Continue until such variable nodes exist.
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Distributive law
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Example
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Marginalization via Message Passing for Trees
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Message passing rules
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Example
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Bitwise MAP decoding
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Decoding for Trees via Message Passing
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Simplification of Message-Passing Rules for Decoding
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Summary and Limitations
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Problems

In what follows the decoding algorithm is fixed.

The decoding algorithm is suboptimal (there are cycles in the Tanner graph).

How to optimize LDPC parity-check matrices for this decoder?
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Regular vs Irregular LDPC codes
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Waterfall vs error floor
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How to define the ensemble of irregular LDPC codes?

Degree (weight if we consider PCM) distribution polynomials

Λ(x) =
lmax∑
i=1

Λix
i (variable nodes)

and

P(x) =
rmax∑
i=1

Pix
i (check nodes),

where Λi and Pi are numbers of variable/check nodes of degree i .

Properties:

Λ(1) = n,P(1) = (1− R)n,R = 1− P(1)

Λ(1)
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How to define the ensemble of irregular LDPC codes?

Degree (weight if we consider PCM) distribution polynomials

L(x) =
Λ(x)

Λ(1)

and
Q(x) =

P(x)

P(1)
,

where Li and Qi are fractions of variable/check nodes of degree i .
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Edge perspective

For the asymptotic analysis it is more convenient to take on an edge perspective. Define:

λ(x) =
∑
i

λix
i−1

and
ρ(x) =

∑
i

ρix
i−1,

where λi and ρi are fractions of edges that connect to variable(check) nodes of degree i .

Properties:

λ(x) =
L′(x)

L′(1)
, ρ(x) =

Q ′(x)

Q ′(1)
.
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Example

Consider [7, 4] Hamming code

H3 =

 0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1



Λ(x) = 3x + 3x2 + x3

L(x) =
3
7
x +

3
7
x2 +

1
7
x3

λ(x) =
1
4

+
1
2
x +

1
4
x2
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How to define the ensemble of irregular LDPC codes?
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Computational graph
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Density evolution, BEC
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Threshold
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Fixed point characterization, BEC
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Density evolution, AWGNC
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Density evolution, AWGNC
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Error floor
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Error floor, BEC
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Error floor, AWGNC
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Protograph-based LDPC codes
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Protograph-based LDPC codes
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Quasi-cyclic LDPC codes

Replace permutation matrices with circulant matrices (usually of weight 1).

Why this code is quasi-cyclic?
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Спасибо за внимание!
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