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Introduction

> LDPC codes were invented by Robert G. Gallager in the 1960s and forgotten for
three decades.

> After Turbo codes were invented 1993, LDPC codes found new attention
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Introduction
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LDPC codes

» LDPC codes are defined with use of sparse parity-check matrix, i.e. the percentage
of 1's in the parity check matrix for a LDPC code is low.

> A regular LDPC code has the property that:
> every code digit is contained in the same number of equations,
> each equation contains the same number of code symbols.

» An irregular LDPC code relaxes these conditions.
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Definition by parity-check matrix

Definition by parity-check matrix: [Gallager, '62]
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Definition by parity-check matrix

Definition by parity-check matrix: [Gallager, '62]

A
< 00 0 0000010000100 1> - Iv|ivHT =0

OO0 oI o ToO0 0000010000 Code: { | }
00 0J0{0 01T 0111000000000
01 2f0l0 0000000 T0000100 (nu“ space Ofasparse
1o0ofojoooononoo0o1io00lo parity-check matrix H)
OO0 LLLOODODLOODODOD 0D
g ojoforopo0D0T 00001100

H=toofojooodT 100000000010

ooofoloolonioonrorlo00n0 Regular LDPC code:
o1ofojooocoooonioiloooon i i
gooliftooooooo00001100 Column weight: J = 3 R>1—E
onolofollonolloondloo006o0o0 ki . -
totlojooloonooinoo0ooon Row weight: K = 4
poofofooonlolo0onloo0 1o
coooooT0o00L0D0L00 0L

v 15 % 20

m [f the row and column weights J and K are not constant, then the
LDPC code is irregular (more later) tech
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Irregular LDPC example, PCM with R = 1/4
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Tanner graph

Representation by bi-partite graph: [Tanner, '81]

n = 20 variable nodes of degree J =3
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Tanner graph

Representation by bi-partite graph: [Tanner, "81]
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Tanner graph

Representation by bi-partite graph: [Tanner, '81]

n n = 20 variable nodes of degree J =3
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Tanner graph

Representation by bi-partite graph: [Tanner, '81]
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Tanner graph

Representation by bi-partite graph: [Tanner, '81]

n = 20 variable nodes of degree J =3
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Tanner graph

Representation by bi-partite graph: [Tanner, '81]
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m Tanner graphs typically contain cycles (length 4 cycle highlighted

above)

m The girth of a Tanner graph is the length of the shortest cycle
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Gallager's ensemble of LDPC codes

Ensemble E(N, K, J)

m1(Hp)
ma(Hp
o |
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Lower bound on the minimum distance

Theorem (Gallager'62)
For any J > 2 there exists §*(K,J) > 0 such that:
> there are codes in the ensemble E(N, K, J) for which the following inequality holds

d(C) > (6" —e)N (1)
» the number of such codes (G(N, K, J)) satisfy the following relation

i G(N,K.J)

RAVAMLS T
N-oo [E(N, K, J)]

The value 6* is the smallest positive root of equation

(4 =1)h(9) + Jmax <6Iog5 - Rgo(s K)) =0.
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Lower bound on the minimum distance

® §,x is called the typical minimum distance ratio, or minimum
distance growth rate, of a code ensemble

1 T T T T T T T T T
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© Decoding algorithms
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Bit-flipping decoding algorithm

> If there exists a variable node, such that the number of unsatisfied check nodes is
bigger then the number of satisfied check nodes = flip the bit.

» Continue until such variable nodes exist.
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Distributive law

ab+ac=a(b+c)

Zi,jaibj (Ziai)(Zjbf)
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f(x1,x2, %3, X4, x5, x6) = f1(x1,%2,%3) f2(x1, X4, X6) f3(x4) fa(x4, x5)

flx)= Y fxixx3, X4, X35, %) = 3. f(x1,%2,%3, X4, X35, Xg)

X2,X3,X4,X5,X6 ~X1

Note: f(x1) is a function; therefore, it takes on a distinct value for
each value of xi

|¥| alphabet ® (|X|®) brute force complexity Skoltech
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f) = [ X Ailvnxnx)|[ X AE) (D A x %)) (X filxe xs))

X2,X3

O(|XP) complexity

Does there exist a systematic
way to find this low complexity
scheme using the structure of the
graph?
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Marginalization via Message Passing for Trees

8(z) =

gz ...

.8z

T éh

[gk(z Il

Note: the individual functions gk(z, ...)

A. ®pornos

only share the variable z; all other

variables are “private”

otherwise ...

graph is not a tree

) =

f(xy,...

Zf(xl:xznxb X4, X5, Xg)
pre

) = [Ailxn x2,x3)] [fax1, x4, X6) f(x4) fa( X4, x5) ]

Xy

h

[fafsfi]
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Marginalization via Message Passing for Trees

recall that g(z) is a function, taking a distinct value for each
value of z

instead of computing g(z) directly by brute force we can
first compute each of the functions gk(z); we then get g(2)
by multiplying these functions g«(z)

-1

K K
Yoz )= Yllate- 1= T[S )= [T Al ) ][ X A6 xoxe) slx) filxxs)|
~z ~z k=1 k=1 ~z ~x1 ~x1

marginal of product  product of marginals

Xy

(o 1
VAV,

| h
I
[&1] [gk] [gx]

[A]

marginal ¥, g(2,...) is the product of the individual marginals

[fafsfa]
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Marginalization via Message Passing for Trees

K

Yelz..)=y

marginal of product  product of marginals

~z

K
[&k(2...)] = )!:I[ng(z,...)]

k=

& (z...)

I
&(z...) = h(z,z1,..., z) [T[hi(zj---)]
N p— j= |

-
kernel factors

“kernel” h(z,zy,..., zj)
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Marginalization via Message Passing for Trees

I
(z...) =h(z 21, 2) [T [z )]
[ )
kernel factors
“kernel” h(z,zy,..., zy)
8 (2...)
z

i

factors hj('z,-, )

[8x] [f2fsfs]
Ja(x1, x4, x6) f3(xa) fa(x5 x5) = fo(x1, %4, X6) [ f3(%a) fa( x4, x5)] [1] .
kernel x« B Skoltech
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Marginalization via Message Passing for Trees

I
Lo(z) = Yhlzzn., z,)[__![h,-(z,-,.“)] Fx) = [ L Al x2x5) || e x0x0) fo(xa) falxa,xs)
= o j= ~x1 ~xy

]
=Y h(z. 2. .02) I'[[Zh,v(z,v,‘..)]

=1 ~zy

—_—
product of marginals
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Marginalization via Message Passing for Trees

complexity proportional to highest degree
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Message passing rules

leaf nodes

x T f
u(x) = f(x) I initialization at IF(X) o1
f x

p(x) = Ty (%) () = B fOxx o x) T ()
f variable/function *
node processing
X
1 Hi\ Pk H HiNW#I
h fx X1 Xy
x
fe fiea 4
HK+1
marginalization X TR k()
Hy Hi\ B
h fx
Je
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X1 X3 X3 X4 X5 Xg X7
1101000 . T AT
H= 1, if HxT =0T,
0011010 f(xl,...,X7)=Jl(,€c(H))={ herwi
0001101 0, otherwise.
X7 Lixgr xsex7-0}
X6
X5
S 5%7) = D=0y Ly xgsn=0) Lgrassxr-0} X Lirysxerceet)
X3
x
X1 Lixpexyexg-0)
again a tree

Skoltech
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Bitwise MAP decoding

H(y) = argmax,_ 1, px; v (%] 9)
(law of total probability) = argmax, .,y ) Px |y (x| )
=
(Bayes') =argmax, .,y ) Py x (7| %) px(x)
=

=argmax, .y 3 ([T 2y x, (351 %) Lxey
&\

7
argmaxx,e(*l) Z(n PY,|X,()’j | xf))n(xl+xz+x4:0) Jl{x,+x4+x5:0} 1 {x4+x5+27=0}
P

X| X3 X3 X4 X5 Xg X p(y7|x7) L{xgsxse 2,20}
1101000 p(ys xs)
H-= P(ys|xs)

0011010 Py x4) L {xy+x0+ %60}
0001101 P(ys|x3)
P(y2|x2)

pyix) L{xyexye x0-0}

Skoltech
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Decoding for Trees via Message Passing

ulx) =I(X)I
f

Initial messages from leaf check 5 ;7 ;7% Lxeasexs-0)
6 X6
nodes on the left: p(ys| xs)
P(ya) x4) L xyexer x6-0}
P(y3 x3)
ply2 x2)
pyrix1) Lixiexyexc-0)

Skoltech
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Decoding for Trees via Message Passing

x
ulx) = f(X)I
i

ply7x7=0), plyr|x7=1))
Initial messages from leaf check y7|x7) Lxgexsexs-0)

nodes on the left:
4| X4) Lxyxer x6-0)

y1lx1) Lxyexye x0-0)

Skoltech
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Decoding for Trees via Message Passing

same for all other leafs }f; Lixgexsexr-0)
6
| xs)
| x4) Lixsxgr x6-0)
|x3)
| x2)
| x1)

L xyexpe 2,0}

Skoltech
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Decoding for Trees via Message Passing

w(x) =TT px(x)

f
X
fm R\ K
1 K
f
at variables we multiply messages g ;7};7; Lxgexsexs-0)
6 X6
plys| xs)
Pys) x) Lxyexerxe-0)
P(ys|x3)
ply2|x2)
p(yrlx1) L{xyex20x0-0)

Skoltech
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at check nodes we multiply messages,
multiply with kernel and marginalize

A. ®pornos

Decoding for Trees via Message Passing

Lxerxsexs-0)

L xyexgr xg-0)

o001
SESERST
HERREER
Ll

L xyexpe x40}

(%) = Ty £ 21, %0) [Ty py(x7)

x

“y HiIN$I
Xy

*4

X1

Skoltech
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Decoding for Trees via Message Passing

at check nodes we multiply messages, 1’; ﬂﬁ’; Uxeexsexs-0)
. | . . 6 X6
multiply with kernel and marginalize p(ys|xs)
P(ys xa) Ly exr xg-0)
p(y3|x3)
p(y2|x2)
ply1lxi) Ly exexe-0)

UXa)=Y x4 1ix1xexa=0) Py1[X1) ply2]x2)

#(x) = g fOx 20,00, 27) Ty (%)
x

3} HiN$I
B Xy
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Decoding for Trees via Message Passing

continue in this fashion until all g;v}f; L{xgrxsex,-0)
6 6
messages along all edges have plys|xs) )
. P(ya) x4) {x3+xq+ x50}
been determined p(ys|x3)
p(y2|x2)
pyilx) Ly exexe-0)

Skoltech

A. ®ponos Teopus nndopmauun (Jlekuns 3) 40 / 79



Decoding for Trees via Message Passing

the final decision for each variable P(y7|x7) Lixessex-o)
S P(ys|xs)
is given by the product of all (s xs)
incoming messages o |
p(y2 x2)
p(yilx1) Lixpexyexe-0)

L xyxgr x50}

frn
[
marginalization x T w(x)
“ HBRN\BK

i f
k

Skoltech
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Simplification of Message-Passing Rules for Decoding

#(x) =TT, () (%) = oy F( 30,00 x7) Ty ()

f x
X
YNNG YALN
h fx x) x;
S - X
(u(1),p(-1)) (Pyyx, (3 11), Py x, (i — 1))
s() | MEm() K L
r= =—a—=]1mn r= T
LT 5

u(-1) TE (1) x4

]
=%k 1= 2tanh (T anh(12)
5 A
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Simplification of Message-Passing Rules for Decoding

Mo (rj +1) = L+ ry+ra+ 13+ 111y + 1113 + 113 + 11173
]3-=1(rj —1)==l+r +ry+r3—r1r2 — 1173 — 1213 + 1112713

J ]
T (1+x;)/2
=1(r, 1)=2 b 3 [ g .

Jcl,...,x,:I'[Ll xj=l j=1

J
I-I(rj + 1) +
j=1

5
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Simplification of Message-Passing Rules for Decoding

Cp() | T fxseox) T pi(x))

= flxxp,..0x) =1 -
WD) T T (L m) Ty () R

ui(x;)
. w1, %=1 l-[5=1 uj(xj) - D Tl %= 11'1) u,(vl)

., ui(x;) #(x;)
le Ly xp=-1 jzlyf(xf) Zx,,“.,x, T, %=-1 n) \y (-1

14+x;)[2
) ﬂj 1’,(- +x;)/

g

- ;‘=1('i +1)+ H}-=l(fj -1)
Eep et ety " Wty + 1) =T, (7-1)

-1
IR Vo +1 ri-1 I
i = k. 71 = tanh(1/2)
it
tanh(1/2) = =l prn-l. ﬁﬁﬂh(li/z)- 1 =2tanh‘l(IL[lanh(l,-/2)).
i S i jol j=1
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Summary and Limitations

A. ®pornos

py7| x7) Lixrxsexs-0)
p Ys}xsg
P(ys|xs J
[=%K 1 el =) Lxyexer xa-0) - -1 )
Zk:l k b 34Xt X 1= 2tanh (Jl:!tanh(lj/z))
p(y2 x2)
iyl x) Ly exarxe-0)

LemMa 2.24 (Bap NEws ABouT CycLE-FREE CoDEs). Let C be a binary linear code
of rate r that admits a binary Tanner graph that is a forest. Then C contains at least

2Ly codewords of weight 2.

Skoltech
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© How to construct LDPC codes?
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In what follows the decoding algorithm is fixed.
The decoding algorithm is suboptimal (there are cycles in the Tanner graph).

How to optimize LDPC parity-check matrices for this decoder?
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Regular vs Irregular LDPC codes

wr T T T

] ® Irregular LDPC
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Waterfall vs error floor

® The Shannon limit defines capacity and is a property of the physical

waterfall

error floor

channel.
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B The iterative
decoding threshold
depends on the code
structure and
iterative decoding
algorithm in use.

B Capacity-approaching
LDPC codes typically
display a waterfall
(related to their
threshold) and an
error-floor (related to
their graph/distance
properties).
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How to define the ensemble of irregular LDPC codes?

Degree (weight if we consider PCM) distribution polynomials

lmax
Ax) = EA;xi (variable nodes)
i=1
and

P(x) = Z Pix" (check nodes),
i=1

where A; and P; are numbers of variable/check nodes of degree i.

Properties:
AN1)=nP1l)=(1-R)n,R=1-— %
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How to define the ensemble of irregular LDPC codes?

Degree (weight if we consider PCM) distribution polynomials

A(x)

L(x) AQ)

and P)
Q(x) = m,

where L; and Q; are fractions of variable/check nodes of degree i.
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Edge perspective

For the asymptotic analysis it is more convenient to take on an edge perspective. Define:
)\(X) = Z)\ixi_l
i

and '
p(X) - Zpixli:l?
i
where \; and p; are fractions of edges that connect to variable(check) nodes of degree i.
Properties:

e Q)
v = @y

A(x) =
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Consider [7,4] Hamming code
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How to define the ensemble of irregular LDPC codes?

® Node degrees: random variables [Luby, et al., '97] LDPC Ensemble:

Alz) = Z ArzP 1 4= variable node distribution é ;ﬂﬂ
k
2) = S ) k-1 = check node distribution =
,0( ) ; k ?EE‘
—
A P
——
—] ;BH
variable check
nodes nodes
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Computational graph

lim E[Py(G, n, )]

probability that computation graph
of fixed depth becomes free
tends to 1 as n tends to infinity
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Density evolution, BEC

Luby, Mitzenmacher,
Shokrollahi, Spielman,
and Steman ‘97

A. ®ponos Teopus nndopmauun (Jlekuns 3) 56 / 79



Density evolution, BEC

Luby, Mitzenmacher,
Shokrollahi, Spielman,
and Steman ‘97

A. ®ponos Teopus nndopmauun (Jlekuns 3) 57 /79



Density evolution, BEC
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Density evolution, BEC
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Density evolution, BEC

Luby, Mitzenmacher,
Shokrollahi, Spielman,
and Steman ‘97

1—(1—x)!
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Density evolution, BEC

Luby, Mitzenmacher,
Shokrollahi, Spielman,
and Steman ‘97

E(]. o (1 7x]r—1)l—1
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A. ®ponos Teopus nndopmauun (Jlekuns 3) 61 /79



Density evolution, BEC

LLuby, Mitzenmacher,
Shokrollahi, Spielman,
and Steman ‘97

(1= (1 -2 )

1—(1—x)!

X = E(]_ — (1 _xt_l)-r—l).!—l tech
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Density evolution, BEC

[ uby, Mitzenmacher,
Shokrollahi, Spielman,
and Steman ‘97

(1~ (1 -2 )

1-(1—x)!

xp=eA(1-p(1-x¢y)) tech
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Density evolution, BEC

EXAMPLE 3.52 (DENSITY EvOoLuTion For (A(x) = x%, p(x) = x°)). For the degree
distribution pair (A(x) = x%, p(x) = x°) we have xo = eand for £ > 1, xp = (1 -
(1-x¢_1)%)% For example, for ¢ = 0.4 the sequence of values of x; is 0.4, 0.34, 0.306,

0.2818,0.2617, 0.2438, and so forth. &
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Density evolution, BEC

ExAMPLE 3.52 (DENSITY EVOLUTION FOR (A(x) = x%, p(x) = x°)). For the degree
distribution pair (A(x) = x% p(x) = x°) we have xg = cand for € > 1, xp = ¢(1 -
(1-x¢_1)%)% For example, for ¢ = 0.4 the sequence of values of x; is 0.4, 0.34, 0.306,

0.2818, 0.2617, 0.2438, and so forth. &

Does this sequence converge to 0 ?
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Density evolution, BEC

LEMMA 3.53 (MONOTONICITY OF f(-,-)). Tor a given degree distribution pair (A, p)
define f(e, x) = eA(l - p(1 — x)). Then f(e, x) is increasing in both its arguments
for x,¢ € [0,1].

LEMMA 3.54 (MONOTONICITY WITH RESPECT TO CHANNEL). Let (A, p) be a degree
distribution pairand ¢ < [0, 1]. If P (¢) % 0 then PP () "% 0forall0< ¢ <.

phase fransition: € BP so that
Tt — ( for e< e8P
Ti— Too > ( for €>€BP tech
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Threshold

DEFINITION 3.56 (THRESHOLD OF DEGREE DISTRIBUTION PAIR). The threshold as-
sociated with the degree distribution pair (A, p), call ite®" (A, p), is defined as

f—oo
e* (A, p) =sup{ee[0,1] : ng(l,p)(e) — 0}. v
EXAMPLE 3.57 (THRESHOLD OF (A(x) = x%, p = x°)). Numerical experiments show
that "7 (3, 6) ~ 0.42944, o
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Fixed point characterization, BEC

flex) =eA(1 - p(1-x})
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Density evolution, ANGNC
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Density evolution, ANGNC
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Density evolution, ANGNC
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Error floor

== Error events in the waterfall typically result from large decoding
failures (a large number of symbols decoded incorrectly)

== Error events in the error floor typically result from small decoding
failures (only a few symbols decoded incorrectly)

®  The minimum distance is a code property; under ML decoding, a
large minimum distance results in a low error floor

®  Under sub-optimal iterative BP decoding, the error floor is also affected
by small failures arising due to weaknesses in the Tanner graph

== These graphical weaknesses have been studied extensively for a
variety of channels and are known collectively as pseudocodewords
[Frey et al '98], stopping sets [Di et al '02], near-codewords
[MacKay & Postol '03], trapping sets [Richardson '03], elementary
trapping sets [Laendner & Milenkovic '05], and absorbing sets

[Dolecek et al '07].
Skoltech
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Error floor, BEC

B On the BEC, the cause of failures is stopping sets [Di, et al. '02].

Definition: A stopping set is a subset S of the variable nodes such
that all neighboring check nodes are connected to S at least twice
€ € €

Example stopping set in a (3,6)-regular Tanner graph

®m  |f the highlighted nodes are all erasures then the BP decoder will fail
to correct them

== [essage-passing decoding is suboptimall The MAP decoder fails if
and only if the set of erasures contains the set of all non-zero

positions in the codeword.
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Error floor, AWGNC

B On the AWGNC, failures are attributed to trapping sets [Richardson '03].

Definition: An (a,b) general trapping set 7.; of a bipartite graph is a set
of a variable nodes which induce a subgraph with exactly b odd-degree
check nodes.

A (3,1) trapping set in a (3,6)-regular Tanner graph

B | ow connectivity outside the set causes the iterative decoder to
become trapped and fail to correct the symbols in the set

B Certain types of trapping sets with small a and b, such as elementary

trapping sets and absorbing sets, are known to be particularly harmful
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@ Practical LDPC codes
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Protograph-based LDPC codes

m Codes can be constructed from a protograph using a copy-and-
permute operation
o 1 2 3 o 1 2 3 0o 1 2 3 0 1 2 3

[Tho05] J. Thorpe, “Low-Density Parity-Check (LDPC) codes constructed from protographs”,
Jet Propulsion Laboratory INP Progress Report, \ol. 42-154 Aug. 2003.
Skoltech
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Protograph-based LDPC codes

m Compact representation of a permutation matrix based ensemble by a
base matrix:
m,, 1Im, I,z 1, Is O
H=|I; 0 IIhy Iy IIs IIyg
0 Hgyz H3,3 0 0 H3!6

b —
—
1 11110
B=|101111
01 1001
base matrix protograph

[Tho05] J. Thorpe, “Low-Density Parity-Check (LDPC) codes constructed from
protographs”, Jet Propulsion Laboratory INP Progress Report, Vol. 42-154 Aug. 2003.
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Quasi-cyclic LDPC codes

Replace permutation matrices with circulant matrices (usually of weight 1).

Why this code is quasi-cyclic?
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